We consider a locally finite (Radon) measure on SO`pd, 1q{Γ invariant under a horospherical subgroup of SO`pd, 1q where Γ is a discrete, but not necessarily geometrically finite, subgroup. We show that whenever the measure does not observe any additional invariance properties then it must be supported on a set of points with geometrically degenerate trajectories under the corresponding contracting 1-parameter diagonalizable flow (geodesic flow).
Introduction and Statement of Results
Consider a geometrically infinite discrete subgroup Γ of G " SO`pd, 1q, the group of orientation preserving isometries of the hyperbolic d-space H d . We study the locally finite horospherical invariant measures on G{Γ.
Classification of invariant measures under horospherical flows on hyperbolic manifolds has a long history beginning with Furstenberg's proof of unique ergodicity of the horocycle flow on compact hyperbolic surfaces [7] . More generally, finite measures on G{Γ which are invariant and ergodic under the horospherical flow are either supported on periodic horospheres bounding a cusp or are equal to the volume measure (which therefore must be finite). This was shown by Dani [6] and Veech [23] for G{Γ of finite volume; for general quotients this result is a special case of Ratner's measure classification theorem [17] . However, when considering G{Γ with infinite volume the natural measure classification question is not classifying finite measures but rather that of classifying locally finite, a.k.a. Radon, measures.
When considering Radon measures there is a clear distinction between geometrically finite and geometrically infinite discrete subgroups. The cusps of geometrically finite manifolds are somewhat more complicated than that of finite volume manifolds, as they may have non-maximal rank. We say an orbit of the horospherical flow on G{Γ bounds a cusp if its projection to the corresponding hyperbolic orbifold H d {Γ is the boundary of a horoball emanating from one of the cusps of H d {Γ. Equivalently, a horospherical orbit bounds a cusp if its orbit under the one-parameter R-split group contracting the horosphere tends to a parabolic limit point of Γ -see §5. 3 . This is the natural generalization of periodic orbits of the a horosphere on finite volume quotients
The authors acknowledge support from ERC 2020 grant HomDyn (grant no. 833423) and ISF grant 891/15. E.L.'s stay at the IAS during the fall of 2018 was supported in part by NSF grant DMS-1638352. following statement, proven in §5.4, which is a special case of Theorem 1.3 below: Corollary 1.2. Let Γ ă SO`pd, 1q be a purely-hyperbolic discrete subgroup (we use the term hyperbolic to refer to loxodromic elements as well) whose length spectrum ℓpΓq is bounded away from 0, i.e. inf ℓpΓq ą 0. Let µ be any U-ergodic and invariant Radon measure on G{Γ. Then at least one of the following holds: (1) µ is quasi-invariant under some hyperbolic element of N G pUq.
(2) lim tÑ8 rad inj pa´txq " 8 for µ-a.e. x. Where rad inj pyq is the supremal injectivity radius at the point y P G{Γ.
We note that this result is somewhat reminiscent to a result in the topological category by Maucourant and Schapira ([13, Cor. 3.2] ) classifying points in G{Γ whose U-orbits are dense in the non-wandering set for U.
In this paper we give a sufficient condition for N G pUq-quasi-invariance applicable to horospherical flows over the frame bundle of a wide variety of hyperbolic manifolds of arbitrary dimension.
While heavily inspired by Ledrappier and Sarig, our proof uses a significantly different approach, one which does not rely on any symbolic representation of the dynamics at hand. In particular, we give a new proof of Sarig's quasi-invariance result for weakly tame surfaces [21] , as well as [11] . Our starting point is an insight that we learned from Ratner's proof of the horocycle measure classification theorem in her expository paper [18] which roughly states that whenever a´tx « a´ty then the respective ergodic averages at x and y of scale e t satisfy e´t pd´1q
where B U 1 denotes a unit ball around the identity e in U. We adapt this argument to suit the infinite measure setting and make crucial use of Hochman's multiparameter ratio ergodic theorem [8] .
1.1. Statement of the Main Results. Let G " SO`pd, 1q be the group of orientation preserving isometries of hyperbolic d-space, equipped with a right-invariant metric. We shall make use of the following subgroups of G: ‚ A " ta t u tPR -the Cartan subgroup. ‚ U " tu : a´tua t Ñ e as t Ñ 8u -the unstable horospherical subgroup. ‚ N -the stable horospherical subgroup.
The normalizer of U in G is N G pUq " MAU. Given a discrete subgroup Γ ă G, the space G{Γ is identified with the frame bundle F H d {Γ. The left action of A on G{Γ corresponds to the geodesic frame flow on F H d {Γ and the action of M corresponds to a rotation of the frames around the direction of the geodesic.
Given a U-ergodic and invariant Radon measure (e.i.r.m.) µ on G{Γ denote by H µ the stabilizer in MA of the measure class of µ, i.e.
Note that H µ is a closed subgroup of MA. Definition 1.1. Given any hyperbolic element γ P G define αpγq " a 1 P MA whenever the following two conditions hold:
(1) u 0 γ " n 0 a 1 u 0 for some u 0 P U and n 0 P N.
(2) }pa 1 q´1ua 1 } U ă }u} U for all u P U. Where }¨} U is some fixed bi-invariant metric on the group U. Set αpγq " e whenever such a 1 , n 0 , u 0 do not exist or whenever γ is non-hyperbolic (i.e. elliptic or parabolic).
The map α is well defined and may be thought of as a map associating to a hyperbolic element γ a specific representative to the action of γ on its axis in the hyperbolic frame bundle F H d . See §3 for further discussion.
We can now state our main theorem:
Given x " gΓ P G{Γ denote
Recall that a´tgΓg´1a t is the stabilizer of the point a´tx in G{Γ. Hence S x may be viewed as the set of accumulation points of elements of Γ as "seen" from the viewpoint of the geodesic ray ta´txu tě0 . Note that the map x Þ Ñ S x is U-invariant, i.e. S u.x " S x for any u P U. It is also measurable, as a map into the space of closed subsets of G. Hence given an ergodic measure µ, there exists S µ Ă G satisfying S x " S µ for µ-a.e. x P G{Γ.
Thus an equivalent formulation of Theorem 1.3:
Theorem (Alternative formulation of Theorem 1.3). Let Γ ă G be any discrete subgroup. Let µ be a U-e.i.r.m. on G{Γ, then αpS µ q Ď H µ .
We derive the following condition for MA-quasi-invariance: Corollary 1.4. Let Γ be any discrete subgroup of G and let µ be any Ue.i.r.m. on G{Γ. If S µ contains a Zariski dense subgroup of G then µ is MA-quasi-invariant.
As in [1, 3, 11, 21] , such quasi-invariance implies a representation of the above invariant measures using Γ-conformal measures on the boundary S d´1 of H d : any U-e.i.r.m. on G{Γ which is MA-quasi-invariant lifts to a measurẽ µ on G presented in S d´1ˆMˆAˆU coordinates as:
dμ " e βt dνdmdtdu where ν is a Γ-conformal measure with parameter β on S d´1 ; see §5.2.
1.2.
Structure of the Paper. The paper is organized as follows -Section 2 presents some of the main ideas of the proof in an illustrative special case. Sections 3 and 4 contain the proof of Theorem 1.3. In Section 5 we deduce corollaries 1.1, 1.2 and 1.4 from our main result.
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Special case of Theorem 1.3
An important ingredient in the proof of Theorem 1.3 is the ratio ergodic theorem for non-singular actions of R n , proven by Hopf for n " 1 and by Hochman [8] for all n: 
Figure 1
Note that the separability of C c pG{Γq implies µ-a.e. x P G{Γ is µ-generic.
A particularly illuminating special case of our main result is the case when for µ-a.e. x the geodesic ray pa´txq tą0 enters arbitrarily small neighborhoods of closed geodesics of some approximate fixed type a 1 P MA M. More precisely, whenever for µ-a.e. x " gΓ there exist sequences t n Ñ 8 and γ n P a´t n gΓg´1a tn satisfying γ n Ñ a 1 .
At the heart of the proof is the following observation -If the points a´tx and a´ty are close then the ergodic U-averages of scale Ce t around x and y are also close (in an appropriate sense; see Figure 1 ). For any f P C c pG{Γq, taking y " a 1 x, arbitrarily large t and using the fact that a 1 centralizes a t forces the ergodic averages of f and f˝a 1 to be comparable, implying a 1 -quasi-invariance. 
Proof. Given any µ-generic point x P G{Γ and any element ℓ in the normalizer of U, the point ℓx is ℓ.µ-generic. Let K be any compact set of positive µmeasure consisting of µ-generic points, by the above observation we get that the set
ş pf´χ K qdµ ă η 2 µpKq and taking 0 ă δ sufficiently small ensures the function
is very close to χ K K and satisfies ş f K dµ ă ηµpKq, as required. 
Let f, f K be the functions constructed in Lemma 2.3 for η ă k 4 and ε. Let x " gΓ be a µ-generic point with a 1 P S x . By the definition of S x there exist sequences t n Ñ 8 and γ n Ñ a 1 for which (2.1) pa´t n gq´1γ n pa´t n gq P Γ.
Note that all s P R d´1 satisfy " a tn pupsqγ n qa´t n gΓ " " a tn v n psqℓ n psqupϕ n psqqa´t n gΓ " " pa tn v n psqa´t n qℓ n psqupe tn ϕ n psqqgΓ.
The map v n uniformly tends to e on B while the conjugation a tn v n psqa´t n further contracts this term. Hence Note that while contracting the errors in NMA, conjugation by a tn expands the U-direction. In particular, it is not necessarily true that e tn ϕ n is pointwise close to e tn kO. Despite of this, integration over all of B under these two changes of variables is in fact comparable. More precisely, since ϕ n Ñ kO uniformly on B we know
for all large n, where Jac s phq denotes the Jacobian of the function h at the point s. This implies ż
In conclusion, we have shown that for all large n 1 "
ş }s}ăe tn f K pupsqxqds ş }s}ăe tn f pupsqxqds which is in contradiction to the ratio ergodic theorem and the choice of η.
The Horosphere Reparameterization Map
Let P " NMA be a minimal parabolic subgroup of G. Let π : G Ñ P zG be the projection onto P zG -MzK -S d´1 . Identifying G with F H d , the frame bundle of hyperbolic d-space, this quotient map corresponds to the projection of frames onto the limit points in BH d they tend to under the geodesic flow a t as t Ñ`8.
Let ω P G be any representative of the non-trivial coset in the Weyl group of G, i.e e ‰ rωs P W " C G pAqzN G pAq -Z 2 and P ω ‰ P . Using the fact that ωNω " U one can reformulate the Bruhat decomposition of G as G " Gω " pP ωPŸ P qω " P UŸ P ω where P U is a Zariski open set in G. Note that U X P " teu implying that the restricted function π| U : U Ñ pP zGq tP ωu is a bijection. Any element γ P G acts by right multiplication on P zG -S d´1 as a Möbius transformation. This action commutes with π therefore any horosphere Uγ projects injectively via π onto pP zGq tP ωγu. Let v γ " pπ| U q´1pP ωγ´1q be the point in U satisfying πpv γ γq " P ω, whenever such point exists.
Denote by ι : NˆMAˆU ãÑ G the multiplication map pn, ma, uq Þ Ñ nmau. This map is an injective diffeomorphism onto its image P U.
defined by Φpγ, uq " ι´1puγq. Note that for any point gΓ P G{Γ, any element γ 1 P Γ and corresponding γ " gγ 1 g´1 P Stab G pgΓq, the following identity holds for all u P U in the domain of definition of Φ:
Therefore Φ may be viewed as a reparameterization map for the horospherical orbit UgΓ in G{Γ.
Corresponding to any hyperbolic (loxodromic) γ P G there exist two distinct fixed points for the action of γ on P zG by P g Þ Ñ P gγ, one attracting fixed point and one repelling fixed point. Let P kγ be the attracting fixed point of γ, then the map γ Þ Ñ P kγ defined on the open subset of hyperbolic elements in G is continuous. For any hyperbolic γ with P kγ ‰ P ω denote
Whenever P kγ " P ω then P kγ´1 ‰ P ω, therefore given any hyperbolic element γ, amongst αpγq and αpγ´1q at least one is non-trivial.
The element αpγq P MA is a conjugate of γ representing the action along its axis in F H d . Indeed, (3.1) implies the open balls of radius r around the identity in these groups respectively. As before, let Jac u pF q denote the Jacobian of the function F at the point u.
Lemma 3.1. Let γ 0 be any hyperbolic element of G. Let P kγ 0 and P kγ 0 be the attracting and repelling fixed points for γ 0 in P zG respectively. If P kγ 0 ‰ P ω and P kγ 0 ‰ P then for any ε there exist:
and moreover:
Proof. Use the map π| U to induce a metric d π onto pP zGq tP ωu so that for any P g ‰ P ω and 0 ă r, Let R : G oe P zG be the smooth (contravariant) action on P zG by right multiplication R γ : P g Þ Ñ P gγ. Since R γ 0 contract points near kγ 0 , there exist 0 ă r 1 ă r 2 and a neighborhood V 1 Ă G of γ 0 , satisfying for every γ P V 1
. For all γ P V 0 the maps Φpγ k ,¨q and Φpγ,¨q are defined on D and
ρ pP q˘ȓ espectively. Notice that the maps Φ U pγ 1 ,¨q and R γ 1 are conjugate since
for any γ 1 P G. Item (8) is directly implied from (3.3) using the conjugation relation above. Continuity of the map Φ implies item (7), after further restriction of V 0 if necessary. After possibly increasing k, items (3) and (4) follow from the fact that the maps Φ U pγ k ,¨q and Φ U pγ,¨q have non-vanishing Jacobians on the compact sets D and I¨Φ U pγ k , Dq, by (3.4), and are contracting.
Proof of Theorem 1.3
Given an element g P G or a set F Ă G we denote g at :" a t ga´t and similarly Given functions h 1 , h 2 P L 1 pG{Γq, a point x P G{Γ and a bounded measurable set E Ă U denote:
Hence, since a t -normalizes U, and expands U for t ą 0, the ratio ergodic theorem may be stated as follows:
We now begin the proof of Theorem 1.3. Let γ 0 P S µ be a hyperbolic element for which αpγ 0 q P MA is well defined, i.e. P kγ 0 ‰ P ω where P kγ 0 is the attracting fixed point of γ 0 in P zG. Without loss of generality we may assume the repelling fixed point admits P kγ 0 ‰ P . Indeed, whenever P kγ 0 " P then γ 0 P P and consequently αpγ´1 0 q " pαpγ 0 qq´1 in which case we may replace γ 0 by γ´1 0 .
We need to show αpγ 0 q P H µ . Assume otherwise by contradiction. Then there exists an ε ą 0 for which B M A ε pαpγ 0 qq, the ε-neighborhood of αpγ 0 q in MA, is disjoint from H µ . Let V 0 , D, I, k, c, R be the sets and constants chosen in Lemma 3.1 for ε and γ 0 .
Fix some 0 ă η 1 ă c {2. By Lemma 2.3 there exists a function witnessing the singularity ℓ.µKµ for all ℓ P B M A ε pαpγ 0 qq, more precisely there exists f P C c pG{Γq and a constant δ ą 0 for which the function
Fix some open precompact set Ω Ă G{Γ with µpΩq ą 0 and let r Ω be any compact set containing a neighborhood of ď
Let η 2 ą 0 be sufficiently small, to be made explicit later. By the ratio ergodic theorem we may choose a constant T 1 ą 0 large enough so that (4.1)
r
We additionally require that T 1 be large enough so that for any n P Since S µ X V 0 ‰ H there exists some T 2 ą T 1 for which the set
This condition together with the ratio ergodic theorem ensures the existence of a point x 0 P G{Γ and a constant L ą e T 2 satisfying
A key component of Hochman's proof of the ratio ergodic theorem is a multidimensional variant of the Chacon-Ornstein Lemma [8, Thm. 1.2] stating that for any fixed r ą 0:
We may thus choose L large enough so as to additionally satisfy
In what follows, we shall focus our attention to the orbit tux 0 u uPB U L of x 0 . Let m U denote Haar measure on U. Given a set E in G we denote
. Assumption (4.4) implies that out of the time in which x 0 's U-orbit spends inside r Ω, close to a full proportion of that time is spent inside the set r
Ω q is small (less than η 2 ). The heart of the proof is an argument employing the maps Φ U pγ k u ,¨q to "push" an impossible proportion
We show there exists a constant C 0 ą 0 independent of η 2 for which
Taking η 2 small enough yields the desired contradiction.
In order to prove (4.8) we construct a family of open sets contained in O r Ω O r Ω 2 and use a covering argument to bound the total mass of these sets. Fix g 0 P G for which x 0 " g 0 Γ. By definition, for any u 0 P O r Ω 2 there exists t u 0 P rT 1 , T 2 s and γ u 0 P G with (4.9)
To the element u 0 P O r Ω 2 we associate the following auxiliary function Ψ u 0 : D Ñ U defined by
H. The proof of this lemma follows along the lines of the proof of Proposition 2.2 given in §2. Recall that points in O r Ω 2 have a "good" ratio ergodic average, in the sense of (4.1). In Proposition 2.2, we have shown that given a µ-generic point for which its geodesic past at time t is close to a closed geodesic of some approximate type, we may reparameterize its horospherical orbit to deduce it has a "bad" ratio ergodic average over a ball in U of size e t . In the case where t may be taken to be arbitrarily large we derive a direct contradiction to the ratio ergodic theorem.
The underlying reason that was implicitly behind the argument establishing that the ratio ergodic average on a ball of size e t is "bad" in this case is the fact that Φ U pγ u 0 ,¨q maps a ball around the identity into itself whenever γ u 0 is sufficiently close to a contracting normalizing element of U. For a general γ u 0 this is not necessarily true.
By the way we have set things up, balls centered at points in Ψ u 0 pDq are mapped into a subset of themselves by Φ U pγ u 0 ,¨q, in which case "bad" ratio ergodic averages are implied, that is to say these points are not contained in O r Ω 2 , as claimed in (4.10). Proof of Lemma 4.1. Fix u 0 P O r Ω 2 and set γ " γ u 0 and t " t u 0 . By item (1) of Lemma 3.1 the map Φpγ k ,¨q is well defined on D. Fix v P D and denote (4.11) w " Ψ u 0 pvq " pΦ U pγ k , vqq at u 0 .
We would like to prove w R O r Ω 2 . To that end, it would suffice to show Rpf K , f, wx 0 , I at q ą η 1 .
By (4.9), the element
By item (2) of Lemma 3.1 the map Φpγ,¨q is well defined on I¨v 1 . Hence for any u P I and w as in (4.11), equation (4.12) implies u at wx 0 "puv 1 q at u 0 x 0 (4.13) "pΦ N pγ, uv 1at¨Φ M A pγ, uv 1 q¨pΦ U pγ, uv 1at¨u 0 x 0 . Lemma 3.1 ensures the different terms of (4.13) are well controlled. Item (6) states that Φ N pγ, uv 1 q P B N R hence by the choice of T 1 in (4.3) we are ensured that conjugation by a t admits pΦ N pγ, uv 1at P B N δ . On the other hand item (7) of Lemma 3.1 gives that
Recall the definition of the function f K :
We thus see that
In order to estimate the ratio ergodic average along I at wx 0 we need some control over Φ U . Item All of the above support the following calculation: ż
As a corollary of the lemma above we obtain the following:
where t " t u 0 as above.
On the other hand, as in (4.12), we know Our aim is to show these sets add up to a non-negligible m U measure. This is the content of the following covering argument.
Given any u 0 P O r Ω 2 we define
Note that D a lnp c {2q Ă D, since c P p0, 1q, and therefore 
Note that the set on the left hand side is open in U and hence measurable.
Proof. Recall the set D is a ball in U around the identity, for convenience we will use the metric notation D " B U ρ throughout the proof. Also recall
for any r ą 0 and s P R.
.
By the Besicovitch covering theorem [12, Theorem 2.7] there exists a constant P , independent of F and pO Ω X O r Ω 2 q X B U L´R 1 e T 2 , and a countable sub-cover F 1 Ă F of balls centered at F " tu 1 , u 2 , ...u for which (4.19) ÿ
We will focus our attention to the associated collection of sets tJ u i u u i PF . For any u i P F choose t i P rT 1 , T 2 s and γ i P G satisfying
Recall the explicit definitions of Ψ u i and J u i :
If we denote w i " Ψ u i peq " pΦ U pγ k i , eqq at i u i . then the bounds given in (4.20) imply (4.21)
We would like to bound
and by (4.22) we are ensured that Ψ u i pDq X Ψ u j pDq " H and consequently also J u i X J u j " H. On the other hand, if e t j´ti ă β and v P J u i X J u j then by (4.21) and (4.22) we have To any u j P F let B j " B U 1 2 cρe t j u j be the corresponding ball in F 1 . We have thus shown that for any
where d´1 " dim U and P is the Besicovitch covering constant from (4.19) . Consequently if we denote the above constant by C then ÿ
Note that since F Ď B U L´R 1 e T 2 , by (4.22) we know all J u i are contained in B U L . We may therefore conclude
We shall now estimate the m U -measure of each J u i . Let ϕ i : U Ñ U be defined by ϕ i puq " u at i u i for all u P U. We may rewrite the definition of J u i as
" pϕ i˝ΦU pγ k i ,¨q˝ϕ´1 i qpB i X O Ω q Note that the Jacobian Jac u pϕ i q is constant " e pd´1qt i over all of U. By the uniform bound on the Jacobian of Φ U pγ k u 0 ,¨q on D given in item (4) of Lemma 3.1 we have |Jac v pϕ i˝ΦU pγ k i ,¨q˝ϕ´1 i q| ą c for all v P D, and consequently
here the last inequality follows from the fact that F 1 is a cover of the set
Making use of assumption (4.7) which states
proving the claim with C 0 " c 2C .
Joining the results of lemmata 4.1-4.3 we deduce
thus concluding the proof of Theorem 1.3.
5.
Consequences of the Main Theorem 5.1. MA-quasi-invariance. We shall now prove our first corollary of the main theorem, giving a sufficient condition for MA-quasi-invariance in the context of a general discrete group Γ: Corollary 1.4. Let Γ be any discrete subgroup of G and let µ be any Ue.i.r.m. on G{Γ. If S µ contains a Zariski dense subgroup of G then µ is MA-quasi-invariant.
The corollary above for d " 2 includes the case of weakly-tame surfaces introduced by Sarig in [21] . Such hyperbolic surfaces satisfy a condition that all geodesic rays ta´tgΓu tě0 intersect an infinite number of times pairs of pants with bounded "norm" (sum of the lengths of closed geodesics bounding the pair of pants). This condition implies the existence of a sequence t n Ñ 8 for which a´t n gΓg´1a tn contains a free group generated by two hyperbolic elements γ 1 and γ 2 , with uniformly separated fixed points on BH 2 . This in turn implies that S gΓ contains a non-elementary and Zariski dense subgroup.
Proof of Corollary 1.4. Let H " xαpS µ qy be the metric closure of the group generated by αpS µ q in MA. By Theorem 1.3, H Ď H µ . We want to show that MA Ď H.
For a hyperbolic element γ let
denote the translation length of γ. Recall that ℓpma t q " |t| for any ma t P MA.
Kim [9] , generalizing a theorem by Dal'bo [4] (see also [5, Ch.III Thm.3.6]), proved the length spectrum of any non-elementary subgroup of G is nonarithmetic. Therefore there exist γ 1 , γ 2 P S µ for which xℓpγ 1 q, ℓpγ 2 qy is a dense subgroup of R. We show in §3 that given any hyperbolic element γ, amongst αpγq, αpγ´1q at least one is not equal to e. Hence without loss of generality we may assume αpγ i q ‰ e for both i " 1, 2. Since αpγ i q and γ i are conjugate, they have equal translation lengths and therefore xℓ pαpγ 1, ℓ pαpγ 2 qqy is dense in R. We thus conclude MzαpS µ q generates a dense subgroup in MzMA implying MzH " A. This completes the proof for d " 2.
We claim that for d ě 4 the commutator subgroup of H admits rH, Hs " M. Recall equation (3.2) in §3 stating that for any hyperbolic γ with αpγq ‰ e there exist n P N and u P U satisfying γ " pnuq´1αpγqpnuq.
Suppose αpS µ q is not Zariski dense in the group MA (considered as a real algebraic group). Then there is a subvariety V Ă MA of strictly lower dimension containing αpS µ q.
The map Ψ : NˆMAˆU Ñ G defined by pn, a 1 , uq Þ Ñ pnuq´1a 1 pnuq is algebraic, and is a dominant morphism (the image contains a Zariski open dense set). Under the above non-density assumption S µ X Imagepψq is contained in ΨpNˆVˆUq. Since ΨpNˆVˆUq is a constructible subset of G of lower dimension, it follows that S µ is contained in a proper subvariety of G, a contradiction.
Therefore αpS µ q is Zariski dense in the group MA. Consequently, rH, Hs is Zariski dense in rMA, MAs " rM, Ms (considered as an algebraic group). The group M is isomorphic as a Lie group to the simple Lie group SOpd´1q, hence rM, Ms " M (also as Lie groups) and moreover any closed proper subgroup of M is contained in a proper algebraic subgroup of M. It follows that rH, Hs " rM, Ms " M for d ě 4.
The case of d " 3 is handled separately in the following lemma. We have seen in the proof of the general case of Corollary 1.4 that H is Zariski dense in MA and also MzH " A. In particular, H is a closed uncountable subgroup of MA and is hence non-discrete. We shall think of MA ă SL 2 pCq as Cˆ.
Assume by contradiction that H ň MA. Fixing a branch of the logarithm on C containing 1 and considering log H on a small neighborhood of 1, we may deduce H 0 , the identity component of H, is a one-parameter subgroup of the form te tω u tPR for some ω P C.
We claim ω R R Y iR. Indeed, the group H has at most a countable set of connected components and therefore the fact that MzH " A implies ω R iR.
On the other hand, if ω was contained in R then H would have been equal to a finite union of rays emanating from the origin, contradicting the fact that H is Zariski dense in MA (over R). We thus conclude H 0 is a winding spiral in Cˆand H " ď 0ďlďm´1 tθ l e tω u tPR is a finite union of rotated copies of H 0 , where θ P C is an m-th root of unity.
In SL 2 pCq the map α sends every hyperbolic element in G to its eigenvalue inside the unit disc. Therefore xαpΣqy is the group generated by all eigenvalues of hyperbolic elements of Σ.
Claim. There exists γ 0 P Σ with eigenvalues ρ, ρ´1 contained in H 0 and satisfying tracepγ 2k 0 q P H 0 for all large k. Assuming the claim above, there exist s k P R and t ą 0 with e s k ω " tracepγ 2k 0 q and e tω " ρ. Since tracepγ 2k 0 q " ρ 2k`ρ´2k we know e s k ω " e 2ktω`e´2ktω and (5.1) e´4 ktω " e ps k´2 ktqω´1 .
Recall that Repωq ‰ 0 hence Equation (5.1) implies
Let argpzq P R{2πZ denote the complex argument of a number z P Cˆ. Set
the distance between argpωq and 2argpωq in R{2πZ, and note that ε ą 0 since ω R R. Equation (5.1) implies the following relation k p4tImpωqq "´argpe ps k´2 ktqω´1 q "´argˆe ps k´2 ktqω´1 s k´2 kt˙m od 2π
for all large k. Using the Taylor expansion e rω " 1`rω`Opr 2 q we deduce k p4tImpωqq "´argpωq`Ops k´2 ktq mod 2π.
Set β " 4tImpωq and let k 0 be large enough so that for all k ě k 0 d R{2πZ pkβ,´argpωqq ă ε {4.
On the one hand we are ensured that
but on the other hand, multiplication by 2 in R{2πZ implies
and consequently d R{2πZ pargpωq, 2argpωqq ă 3ε {4 in contradiction to the definition of ε in (5.2) .
We are left with proving the existence of such a γ 0 P Σ as claimed. Recall that the group xαpΣqy is generated by the eigenvalues of all hyperbolic elements in Σ, therefore conjugating Σ would leave this group unchanged, i.e. xαpgΣg´1qy " xαpΣqy for any g P G.
Let η be any fixed hyperbolic element of Σ. By conjugating Σ if necessary we may assume without loss of generality that η is a diagonal matrix in MA  of Σ has an eigenvalue eǹ " λ 2n d`Opλ´2 n q. This can be seen by considering the trace of the matrix, which is the sum of its two reciprocal eigenvalues. Therefore both eǹ and λ´2 n are contained in H implying eǹ λ´2 n P H for all n. Due to the fact that H Y t0u is closed in C we conclude d P H Y t0u. The 22-coefficient of the matrix γη n γ´1 in Σ is equal to rγη n γ´1s 22 " λ´nad´λ n bc.
By the argument above pλ´nad´λ n bcqλ´n "´bc`λ´2 n ad is contained in H Y t0u for all n implying´bc P H Y t0u. Denote ∆pγq "´bc.
We have thus shown ∆pγq P H Y t0u for any γ P Σ. Furthermore,
Since Σ is Zariski dense in G there exists a hyperbolic element γ 1 satisfying ∆pγ m 1 q ‰ 0 where m " | H {H 0 |. Denote γ 0 " γ m 1 . By (5.3) and the fact that ∆pγ 0 q P H, we know ptracepγ 02 P H. Actually, ∆pγq ‰ 0 ùñ ∆pγ 2 q " ∆pγq¨ptracepγqq 2 ‰ 0 whenever γ is hyperbolic (i.e. has | trace | ą 2), ensuring ptracepγ 2k 02 P H for all k. Denote γ 0 's eigenvalue outside the unit disc by ρ P Cˆ. Since γ 0 " γ m 1 we are ensured that ρ, ρ´1 P H 0 . Recall
Therefore whenever k is large enough ptracepγ 2k 02 and ρ 4k are contained inside the same coset of H 0 , or in other words ptracepγ 2k 02 P H 0 . The subgroup H 0 is isomorphic to pR,`q and therefore contains a unique square root to any element, implying tracepγ 2k 0 q P H 0 for all large k, as claimed.
Assuming weaker conditions on S µ we receive: The claim follows directly from non-arithmeticity of the length spectrum [9] and Theorem 1.3, as described in the proof of Corollary 1.4.
Measure Decomposition.
Let Q " UMA be a minimal parabolic. Denote by π´the quotient map g Þ Ñ Qg onto QzG -S d´1 . The group G is diffeomorphic to
The left action of UMA in these coordinates is easily computed as (5.4) uma.pu 1 , m 1 , a 1 , ξq " pupu 1 q ma , mm 1 , aa 1 , ξq where ξ P QzG and conjugation is denoted by g h " hgh´1. Fix ξ P QzG and two points g, h P G. Denote by g ξ some element in Kg satisfying π´pg ξ q " ξ, respectively for h ξ P Kh. Using the KAU decomposition we write hg´1 ξ " ka b ξ pg,hq u. Given the point p ξ " pe, e, e, ξq one can verify that the right action of an element γ P Γ is given by pe, e, e, ξq.γ " pupp ξ γq, mpp ξ γq, a b ξ pγ´1,eq , ξγ´1q
for some upp ξ γq P U and mpp ξ γq P M depending on ξ and γ. Therefore pu, m, a t , ξq.γ "`upupp ξ γqq mat , mmpp ξ γq, a t`b ξ pγ´1,eq , ξγ´1˘.
for every γ P Γ and ξ P S d´1 , where γ acts on QzG on the right. For the case of d " 2 this correspondence was observed already in Burger's paper [3, §2.1], and has been highlighted by Babillot in her work, e.g. [1] ; cf. also [11] by Ledrappier and Sarig. Note that this correspondence also works the opposite way: starting from a Γ-conformal probability measure on S d´1 one can use the above recipe to obtain a U-invariant Radon measure on G{Γ.
Proof. Recall that whenever an ergodic measure µ is quasi-invariant with respect to a group H then there exists some character χ : H Ñ R satisfying for all h P H h.µ " χphqµ. Since M is compact it has no non-trivial continuous characters into R implying µ is M-invariant. On the other hand, A-quasi-invariance implies there exists α P R for which a t .µ " e αt µ. Letμ be the lift of µ to a Γ-invariant measure on G. Thereforeμ may be presented in UˆMˆAˆS d´1 coordinates as dμ " e βt dνdmdtdu where ν is some finite measure on S d´1 . Note that β " α´pd´1q since (5.4) implies that applying a t on the left induces a change of variable u 1 " u at with du 1 du " e pd´1qt .
We will show that Γ-invariance ofμ implies that ν is Γ-conformal with parameter β. Fix γ P Γ and denote B ξ " b ξ pγ´1, eq. Given f P C c pGq we compute ż f dμ "
note that upp ξ γq is independent of u and mpp ξ γq independent of m, therefore by Fubini's theorem we get
using the change of variable u 1 " u a´B ξ with du 1 " e pd´1qB ξ du gives This definition is equivalent to Γ 0 having only conical and parabolic limit points, see [16, Theorem 12.4.5] . For d " 2, 3 this definition is equivalent to Γ 0 having a finite-sided fundamental polyhedron in H d . Both lattices and convex cocompact subgroups are examples of geometrically finite discrete subgroups.
Whenever teu ‰ Γ⊳Γ 0 the space G{Γ is a regular cover of the geometrically finite hyperbolic manifold G{Γ 0 . Corollary 1.1. Let Γ 0 be a geometrically finite Zariski dense discrete subgroup of G and let teu ‰ Γ ⊳ Γ 0 . Let µ be a U-e.i.r.m. on G{Γ. Then the following trichotomy holds, either: (1) µ is supported on a wandering horosphere. (2) µ is supported on a lift to G{Γ of a horosphere in G{Γ 0 bounding a cusp.
(3) µ is MA-quasi-invariant.
We remark that (as pointed out to us by Hee Oh), this result gives a new proof that the Burger-Roblin measure on G{Γ for geometrically finite Zariski dense subgroups is the unique U-invariant non-periodic recurrent measure on G{Γ, based on Sullivan's theorem that there is only one atom-free Γ-conformal measure supported on the limit set [22] , in particular, that the Burger-Roblin measure is ergodic on G{Γ. This case was shown by Winter [24] ; Cf. also [14, Thm. 5.7] for another proof of this measure classification in the geometrically finite context.
The group G may be identified with the frame bundle of hyperbolic d-space. Let π´: G Ñ BH d denote the projection onto the boundary of hyperbolic space, where π´pgq is defined as the limit of the geodesic trajectory ta´tgu tě0 .
Recall the limit set Λ Γ associated to a discrete group Γ ă G is defined as the set of accumulation points of gΓ in BH d for some (and hence any) g P G. An equivalent definition for the limit set of Γ is the minimal closed Γ-invariant subset of BH d .
A limit point ξ P Λ Γ is called conical if for for some (hence every) g P π´1pξq the geodesic ray ta´tgΓu tě0 in G{Γ returns infinitely often within a bounded distance of gΓ. A limit point is called parabolic if it is fixed by a parabolic element of Γ.
Denote by Λ par Γ 0 and Λ con Γ 0 the parabolic and conical limit points of Λ Γ 0 . Note that Λ par Γ 0 is countable. For a geometrically finite group Γ 0 , any limit point is either conical or parabolic [16, Theorem 12.4 .5], i.e. Λ Γ 0 " Λ par Γ 0 Y Λ con Γ 0 . Whenever teu ‰ Γ ⊳ Γ 0 then Λ Γ " Λ Γ 0 . Clearly Λ Γ Ď Λ Γ 0 . Indeed, for ξ P Λ Γ there exists g P G and γ i P Γ with ξ " lim iÑ8 gγ i . Therefore, given any γ 0 P Γ 0 ξγ 0 " lim iÑ8 gγ i γ 0 " lim iÑ8 pgγ 0 qγ 1 i for γ 1 i P Γ, where the last equality follows from the fact that γ 0 normalizes Γ. Since the limit set of a discrete group does not depend on the choice of "base point" g (or gγ 0 ) we conclude ξγ 0 P Λ Γ implying Λ Γ is Γ 0 -invariant and hence by minimality Λ Γ 0 Ď Λ Γ , as claimed.
We may thus conclude
This character may be uniquely extended to all of MA. Indeed, χ extends trivially to MH µ and extends linearly to MA using the fact that MzMH µ is cocompact in MzMA -R. The measure λ " ż M A{Hµ χpℓ´1qℓ.µ dm M A{Hµ pℓq on G{Γ is Radon U-invariant and MA-quasi-invariant. Furthermore, by our construction ma.λ " χpmaqλ for any ma P MA. In other words, under these conditions the measure µ is an ergodic component of a measure of the form e βt dνdmdtdu where ν is a Γ-conformal measure on S d´1 .
Proof. Whenever rad inj pgΓq ă R there exist v 1 , v 2 P B G R with v 1 ‰ v 2 satisfying v 1 v´1 2 gΓ " gΓ, implying v 1 v´1 2 P gΓg´1 X B G 2R . Note that the map
x Þ Ñ lim inf tÑ8 rad inj pa´txq from G{Γ to p0, 8s is U-invariant and measurable and therefore constant µ-a.s. Assume that lim inf tÑ8 rad inj pa´txq ă 8 µ-a.s.
Then for µ-a.e. gΓ P G{Γ there exists R ą 0 and sequences t n Ñ 8 and γ n P G teu satisfying γ n P a´t n gΓg´1a tn X B G 2R . Let γ 0 P B G 2R be an accumulation point of the sequence γ n . Since the length of a hyperbolic element is preserved by conjugation, and since inf ℓpΓq " c ą 0 we are ensured that γ 0 is hyperbolic with ℓpγ 0 q ě c. Therefore S µ contains a non-trivial hyperbolic element and Theorem 1.3 implies MzMH µ ‰ teu, proving the claim.
